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Topological phase of matter is now a mainstream of research in condensed matter physics, of which
the classification, synthesis, and detection of topological states have brought excitements over the
recent decade while remain incomplete with ongoing challenges in both theory and experiment. Here
we propose to establish a universal dynamical characterization of the topological quantum phases
classified by integers, and further propose the high-precision dynamical schemes to detect such states.
The framework of the dynamical classification theory consists of basic theorems. First, we uncover
that classifying a d-dimensional (dD) gapped topological phase of generic multibands can reduce to
a (d − 1)D invariant defined on so-called band inversion surfaces (BISs), rendering a bulk-surface
duality which simplifies the topological characterization. Further, we show in quenching across phase
boundary the (pseudo)spin dynamics to exhibit unique topological patterns on BISs, which are
attributed to the post-quench bulk topology and manifest a dynamical bulk-surface correspondence.
For this the topological phase is classified by a dynamical topological invariant measured from
dynamical spin-texture field on the BISs. Applications to quenching experiments on feasible models
are proposed and studied, demonstrating the new experimental strategies to detect topological
phases with high feasibility. This work opens a broad new direction to classify and detect topological
phases by quantum dynamics.
In the last over thirty years, following the discovery
of the quantum Hall effect [1, 2], physicists have estab-
lished a new classification of fundamental states of quan-
tum matter, called topological quantum phases [3, 4],
which are beyond the scope of the celebrated Landau-
Ginzburg-Wilson framework that characterizes quantum
matter by local symmetry-breaking orders [5]. A topo-
logical quantum phase can be classified by bulk topolog-
ical invariant defined in the ground state at equilibrium,
and hosts protected boundary modes through the bulk-
boundary correspondence [6, 7]. This characterization
crucially influences the strategies of identifying topolog-
ical states in experiment, which is challenging in general
since a non-local topological invariant may not have di-
rect physical measurements. Despite the great success
achieved with various strategies in discovering new topo-
logical matter, such as topological insulators [8–11] and
semimetals [12, 13] whose boundary modes can be probed
by transport measurement or angle resolved photoemis-
sion spectroscopy, by far only a small portion of topolog-
ical states predicted in theory have been uncovered in ex-
periment [14]. In some circumstances the measurements
are not fully unambiguous for being not direct observa-
tions of topological numbers, for which there are topolog-
ical states, e.g., the topological superconductors [15–19],
even well explored in theory, necessitating further exper-
imental confirmation.
As yet, the topological states have been primarily char-
acterized with classification theories developed for equi-
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librium systems, ranging from symmetry-protected topo-
logical phases [20, 21] to intrinsic topological orders [4].
A fundamental question arises that, for a generic topo-
logical quantum phase defined for the equilibrium ground
state, is there a non-equilibrium classification of such
phase? We address this fundamental issue in the present
work, and establish a dynamical classification theory for
topological quantum phases characterized by integers of
multiband and all dimensions. Not only being of the clear
fundamental significance, the dynamical classification is
also experimentally important in probing new topological
quantum physics, particularly relevant for ultracold atom
systems where, due to heating, the equilibrium ground
states are usually hard to achieve, but the quantum dy-
namics can be readily engineered as having been consid-
ered in the recent studies of topological systems [22–26].
The cold atom experiments have demonstrated the feasi-
bility of simulating novel topological systems with quan-
tum gases, including the 1D Su-Schrieffer-Heeger (SSH)
chain [27, 28], 1D chiral topological phase [29, 30], and
2D Chern insulators [31, 32, S4, S5]. In particular, char-
acterizing the band topology of an equilibrium Hamilto-
nian from quantum dynamics was proposed and explored
very recently in theory and experiment [30, 35, 36]. Nev-
ertheless, these studies are not universal and valid for
two-band models in specific dimensions. No dynamical
classification theory was proposed until the present work.
The framework of the dynamical classification theory
is made up of several basic theorems uncovered in this
work. First, for a generic d-dimensional (dD) gapped
topological phase characterized by integer invariants, we
show a bulk-surface duality that its classification reduces
to a (d − 1)D invariant defined on the so-called band
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2inversion surfaces (BISs). Further, in quenching from
trivial to topological phases, the BISs are captured dy-
namically that on BISs the time-averaged (pseudo)spin-
polarizations vanish in the unitary evolution. Finally,
the bulk topology of the post-quench phase is classified
by the dynamical topological invariant determined via an
emergent dynamical spin-texture field on BISs. The re-
sults manifest a dynamical bulk-surface correspondence
which can be directly measured with high feasibility in
quenching experiments. With the dynamical classifica-
tion theory we propose various high-precision dynamical
schemes to detect topological quantum states, of which
the application to measuring Chern insulators has been
remarkably achieved in a latest experiment [37].
Generic model.–We start with the generic d-
dimensional (dD) gapped topological phases, including
insulators and superconductors, which are classified by
integer invariants in the Altland-Zirnbauer (AZ) symme-
try classes [38–40, S2]. The basic Hamiltonian can be
written in the elementary representation matrices of the
Clifford algebra [42, 43] (see also Supplementary Mate-
rial [44])
H(k) = ~h(k) · ~γ =
d∑
i=0
hi(k)γi, (1)
where the ~γ matrices define a (pseudo)spin obeying
anti-commutation relation {γi, γj} = 2δij1, with i, j =
0, 1, . . . , d, and ~h(k) mimics a (d+ 1)D Zeeman field de-
pending on the Bloch momentum k in BZ. The dimen-
sionality of γ matrices in the elementary representation
reads nd = 2d/2 (or 2(d+1)/2) if d is even (or odd), which
is the minimal requirement to open a topological gap for
the dD topological phase [43]. In the 1D/2D regimes, for
instance, the γ matrices simply reduce to the Pauli ones,
and H(k) describes a two-band model for the topolog-
ical states, e.g., the well-known SSH model [27, S2] for
1D BDI class insulator and the Haldane model [45] for
2D Chern insulator. Similarly, for 3D/4D phases, the γ
matrices take the Dirac forms, and a fully gapped topo-
logical phase has to involve at least four bands, such as
the 3D AIII class topological insulator (also DIII class su-
percondoctors) [39, S3] and 4D quantum Hall effect [47].
While for convenience the dynamical classification theory
is formulated with the basic Hamiltonian written in the
above elementary representation, the theory applies to
any generic multiband model of the dD phase (see proof
in Appendix). Therefore, all the main results presented
based on Eq. (1) directly apply to the generic dD gapped
topological phases characterized by integer invariants.
To facilitate the description, we pick up an arbitrary
component, say h0(k), from the vector field ~h(k) to char-
acterize the ‘dispersion’ of the nd decoupled bands. Ac-
cordingly, we denote the remaining components of ~h(k)
as the ‘spin-orbit’ (SO) field hso(k) = (h1, ..., hd). With-
out the SO field, the band crossing occurs for the nd
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Figure 1: Dynamical bulk-surface correspondence and
the 1D exemplification. a, The d-dimensional topological
phases classified by Z can be characterized by the winding
of the SO field (colored arrows) on the (d − 1)-dimensional
BISs, which counts the total topological charges Ci of the SO
field in the region VBIS (gray) enclosed by BISs with h0 < 0.
Here the momentum k is decomposed into (k⊥,k‖) (black ar-
rows) with k⊥ perpendicular to the BISs and pointing to the
complementary region of VBIS, i.e., V¯BIS with h0 > 0. b-c,
Detecting topological patterns on the BISs by quench dynam-
ics. A quench process is employed, where a trivial system with
highly polarized (pseudo)spins in the negative direction of the
axes h0 is suddenly quenched to a topological band with non-
trivial spin textures (b). Subsequently, dramatic spin pro-
cession occurs near the BISs with the rotation axis being the
post-quench vector field ~h(k) (c). The SO field is encoded by
the variation of time-averaged spin polarizations 〈~γ〉 with re-
spect to k⊥. Here the blue and red dashed lines in b represent
the h0 component of the post-quench Hamiltonian with the
band crossing being the (d− 1)D BIS, and φ in c denotes the
relative angle between the ininital spin (blue) and the post-
quench vector field ~h(k). d-e, Numerical results for the 1D
model. Time evolution (upper panel) and the corresponding
averages (lower panel) of spin textures are shown after a sud-
den quench from mz = 8t0 (trivial) to 0 (topological) with
tso = 0.2t0. The BIS is determined by momenta with van-
ishing time-averaged spin polarizations 〈σx,z〉 (dashed lines),
and the new dynamical spin-texture field g˜(k) = −∂k⊥〈σx〉
(purple arrows in e) characterizes the nontrivial topology.
decoupled bands if h0(k) = 0 results at certain momen-
tum points of the BZ. All such momentum points form
closed (d − 1)D surface, dubbed band inversion surface
(BIS), which is a key concept in this work. The BIS is
related to, but conceptually different from the familiar
phenomenon of band inversion in topological insulators,
and can be defined for broad classes of phases including
3topological superconductors. Across the BIS the energy
difference between half of the nd bands and the remain-
ing half switches sign. In general one can have multiple
BISs in the first BZ. The gap opens when the nonzero
SO field hso(k) is switched on in the BISs. As shown be-
low, the dD gapped phase being topologically nontrivial
necessitates that the BZ includes at least one BIS which
hosts a nonzero (d− 1)D invariant.
Bulk-surface duality.–The topology of the Hamilto-
nian H(k) is classified by dD winding number for odd
dimensionality d = 2n − 1, or the n-th Chern number if
d = 2n. The topological characterization of the equilib-
rium phase is formulated by a mapping from the BZ, i.e.
a dD torus T d, to the dD spherical surface Sd through
the unit vector field n(k) = ~h/|~h|. The topological num-
ber counts the times that the mapping covers Sd. Inter-
estingly, as detailed in the Appendix, we show that the
topological characterization by dD winding number (or
Chern number) reduces to a (d− 1)D Chern number (or
winding number) wd−1 defined on the BISs
νd(h0,hso) = wd−1(hso), (2)
where wd−1 characterizes the integer times that the unit
SO field hˆso(k) = hso/|hso| covers over the (d − 1)D
spherical surface Sd−1 when k runs over all the BISs of
the BZ. Without giving details, we show the above in-
variant wd−1 intuitively by clarifying the key ingredients
of the theorem, while the rigorous proof can be found
in the Appendix. As for topological phase, the mapping
T d 7→ Sd covers nonzero integer times of the dD spherical
surface, any component of the vector field ~h(k), includ-
ing h0(k), spans both positive and negative values in the
BZ. Thus the BIS with h0(k) = 0 must be obtained. It
is convenient to denote by VBIS the vector volume of the
BZ with h0(k) < 0, and V¯BIS the volume with h0(k) > 0.
Note that wd−1 in the right hand side of Eq. (2) is given
by a (d − 1)D surface integral enclosing the open vec-
tor volume VBIS (Appendix), which is gauge-independent
and counts the total topological charges located at the
singularities with hso(k) = 0 in this volume (see Fig. 1a).
This result can be intuitively understood in the follow-
ing way, for which we rewrite that h0(k) = m0 + h˜0(k),
with h˜0 being momentum-dependent andm0 mimicking a
constant ‘magnetization’ which tunes the topology of the
phase. It is ready to know that when m0 > max[|h˜0(k)|]
for all k, the phase is trivial since no BIS can be ob-
tained in the BZ. The BIS starts to emerge in the BZ by
reducing the magnetization to m0 . max[|h˜0(k)|, while
the gap of the system keeps open if no topological charges
(at hso(k) = 0) enter the vector volume VBIS. Further re-
ducingm0 eventually enables that the topological charges
pass through the BIS and enter the volume VBIS. Note
that when a topological charge crosses the BIS, the bulk
gap closes one time since h0 = hso = 0 occurs at the
crossing momentum on the BIS. This leads to a topolog-
ical phase transition with the topological invariant vary-
ing by one. Then the number of topological charges with
hso(k) = 0 enclosed in the volume VBIS reflects the times
of gap closing by tuning m0 from trivial to the final topo-
logical regime, and the total topological charge gives the
bulk topological number of the phase, as characterized
by the theorem in Eq. (2).
The above theorem shows a bulk-surface duality which
maps the classification of bulk topology to the charac-
terization on BISs. The bulk-surface duality provides a
simplified characterization of the topological phases with
lower-dimensional invariants, while there are two impor-
tant issues having to be addressed. First, the BISs are
not unique but depends on the choice of h0 axis. Then
how to precisely identify BISs in a real experiment? Fur-
ther, how to measure the topology defined on the BISs?
As we show below that, the uncovered bulk-surface du-
ality is further mapped to a novel dynamical form in the
quench dynamics, which directly measures all the topo-
logical features on BISs with high feasibility.
Non-equilibrium classification: dynamical bulk-
surface correspondence.–We proceed to consider the
non-equilibrium characterization of topological phases
based on the bulk-surface duality shown above. The
quantum dynamics can be induced by quenching the
phase from a deep initially trivial phase at time t = 0,
which is given by setting m0|t<0  max[|~h(k)|], to the
final topological state which is obtained in proper regime
|m0|
∣∣
t>0
< max[|h0(k)|] (Fig. 1b). The unitary evolution
of the (pseudo)spin ~γ is then governed by the post-quench
Hamiltonian H(m0,k). The quenching dynamics can be
quantified by introducing the dynamical averaging of the
spin-polarization, which is obtained by
〈γi(k)〉 = lim
T→∞
1
T
ˆ T
0
dtTr
[
ρ0e
iHtγie−iHt
]
, (3)
where ρ0 is density of matrix of the initial state. The
peculiar effects are obtained on the BISs. Note that the
system is initialized in the fully spin-polarized phase with
the (pseudo)spin of all Bloch states pointing along neg-
ative h0 axis (for positive m0). The spin processes with
respect to ~h(k) after quenching. On the BISs, the vector
~h(k) = hso(k) is perpendicular to initial spin polariza-
tion, which leads to the procession of the spin vector ~γ
within the plane perpendicular to hso while incorporating
h0(k) axis (Fig. 1c). As a result, the dynamical averaging
〈γi〉 vanishes right on the BISs for all i-components. On
the other hand, at the momentum k away from the BISs
the h0 component is nonzero, so ~h is not perpendicular
to the initial spin polarization. Then the spin procession
leads to a nonzero 〈~γ〉 along the ~h(k)-direction (Fig. 1c).
With these results we conclude a dynamical characteri-
zation of the BISs that
〈γi(k)〉 = 0, for k ∈ BISs, i = 0, 1, 2, ..., d. (4)
The above characterization can also be understood that
on BISs, the resonant spin-reversing transitions ~γ → −~γ
4are induced by the SO field hso(k) due the vanishing
gap (for band-crossing surfaces). Thus the time-averaged
spin-polarizations vanish at BISs. In contrast, away from
the BISs, the nonzero h0(k) severs as a detuning for
the spin-reversing transitions, so the time-averaged spin-
polarizations do not vanish.
The vanishing 〈γi〉 on BIS implies that the topologi-
cal number of the dD gapped phase cannot be obtained
via the time-averaged spin-texture 〈~γ(k)〉. Interestingly,
more nontrivial features of the quench dynamics are cap-
tured by the variation of the time-averaged spin polariza-
tions across the BISs. Note that the component h0 < 0
in the vector volume VBIS and h0 > 0 in the volume
V¯BIS. When passing through a BIS, the relative angle φ
between the initial spin-polarization and the vector ~h(k)
varies from φ < pi/2 in VBIS, with a nonzero dynami-
cal averaging 〈~γ〉 pointing to ~h(k)-direction, to φ > pi/2
in V¯BIS, with nonzero 〈~γ〉 pointing oppositely to ~h(k)-
direction (Fig. 1c). This follows that the variation of 〈~γ〉
across the BIS follows the direction of the spin-orbit field
hso. To quantify this picture, we define a new dynamical
spin-texture field g˜(k), whose components are given by
g˜i(k) ≡ − 1Nk ∂k⊥〈γi〉, with Nk being the normalization
factor. Here k⊥ denotes the momentum perpendicular
to BIS and points from VBIS to V¯BIS. It can be shown
from Eq. (3) that on the BISs
g˜i(k)
∣∣
k∈BISs = hˆso,i(k). (5)
With this identity we reach immediately that the topo-
logical invariant defined on the BISs can be recast into a
dynamical form, namely
wd−1 =
∑
j
Γ(d/2)
2pid/2
1
(d− 1)!
ˆ
BISj
g˜(k)
[
dg˜(k)
]d−1
. (6)
The right hand side of the above formula describes the
mapping from BISs to (d − 1)D spherical surface which
the emergent dynamical field g˜(k) belongs to, rendering
the dynamical classification of the dD gapped phase. The
dynamical topological invariant is intuitively described
by the coverage of the dynamical spin-texture g˜(k) over
the full (d−1)D spherical surface. The results in Eqs. (4)-
(6) manifest a highly nontrivial dynamical bulk-surface
correspondence, which can be directly measured from
the dynamical spin-polarization patterns emerging on the
BISs. Since the quantum spin dynamics is resonant and
nontrivial only on BISs, the dynamical bulk-surface cor-
respondence can be well resolved in experiments. This
enables us to propose high-precision dynamical schemes
to detect the bulk topology, as studied below with exper-
imentally feasible models.
We note that the dynamical classification theory is es-
sentially based on the mapping of the dD bulk topology
to (d− 1)D BISs. This feature is valid for generic multi-
band systems, in which case the BISs are defined among
every nd bands in the BZ. The topology only relies on the
(d − 1)D invariants ‘locally’ defined on the BISs, which
can be measured based on a sequence of quenches by ini-
tializing the system in different bands (Appendix). This
dimension reduction is the essential difference from the
previous dynamical schemes which are applicable to two-
band models [30, 35, 36].
Application to quenching experiments.–We first
consider the 1D topological phases of AIII class ob-
tained by the Hamiltonian H(kx) = ~h(kx) · ~σ, where
hx = tso sin kx ≡ hso, hy = 0, and hz = mz − t0 cos kx ≡
h0, with t0 and tso denoting the nearest-neighbor spin-
conserved and spin-flipped hopping coefficients. The
model was proposed in Ref. [29] and realized recently in
experiment for 173Yb fermions [30]. The effective mag-
netization mz can be precisely tuned by a bias magnetic
field. The quench study is performed by tuning the Zee-
man term from mz  t0, which corresponds to the deep
trivial regime with the system initialized in spin-down, to
|mz| < t0, which lies in topological regime. The quantum
dynamics is then governed by the unitary evolution oper-
ator (see Methods). The numerical results are shown in
Fig. 1d-e, with the parameters taken as tso = 0.2t0. The
resonant spin-flip transitions driven by SO field emerge at
two momentum points kBIS = ± cos−1(mz/t0) with van-
ishing time-averaged spin polarizations 〈~σ〉, which mani-
fests the BIS (band inversion points). Away from the BIS
the spin-flip oscillation is well suppressed by the energy
gap. The opposite magnitudes of the directional deriva-
tive ∂k⊥〈σx〉 at two band inversion points show the non-
trivial topology of the post-quench regime, and gives the
winding number +1 for |mz| < t0 (Fig. 1e).
In 2D case we consider the quantum anomalous Hall
model [48, 49] realized in recent experiments [S4, S5]
H(k) = ~h(k) · ~σ, where the vector field reads ~h(k) =
(mx+ t
x
so sin kx,my + t
y
so sin ky,mz− t0 cos kx− t0 cos ky).
The flexibility in the decomposition of the vector ~h(k) al-
lows us to consider different quench ways, e.g., by quench-
ing hz or hy axis, which can benefit real experimental
measurement. First, we take h0 ≡ hz,hso ≡ (hx, hy), and
the quench is performed by varying mz suddenly from
mz  t0 to 0 < |mz| < 2t0, while setting mx = my = 0.
Similar to 1D model, the resonant transition between
the spin-down and spin-up states only occurs at the BIS
(band inversion ring). From the numerical results given
in Fig. 2a, with mz = t0 and tx,yso = 0.2t0, the van-
ishing time-averaged spin-polarizations 〈σi〉 = 0 are ob-
tained on the BIS. Further, the emergent dynamical field
g˜(k) = −∂k⊥〈~σ〉 exhibits a nonzero 1D winding on the
BIS, which characterizes a topological charge located at
Γ point [with k = (0, 0)] and gives the Chern number
C1 = −1 (Fig. 2b). Similarly, if −2t0 < m0 < 0 for the
post-quench regime, an opposite dynamical winding ex-
hibits on the BIS which circlesM point [with k = (pi, pi)],
and gives C1 = +1 (see Appendix). Secondly, we take
5Figure 2: Characterizing 2D Chern insulators in dif-
ferent quench processes. a-b, Topological patterns by
quenching along hz(k) axis. Time-averaged spin textures (a)
are measured after a sudden quench from mz = 8t0 to t0
(mx = my = 0, tx,yso = 0.2t0), with BIS being characterized
by 〈~σ〉 = 0 (green ring). The dynamical field g˜(k) obtained
from a indicates the Chern number C1 = −1 (b). c-d, Topo-
logical patterns by quenching hy(k) axis. Time-averaged spin
textures (c) and the dynamical field on the BIS (d) are shown
after a quench from my = 50t0 to 0, with mz = t0,mx = 0,
and txso = 0.5tyso = t0. Here the two BISs are at ky = 0,−pi.
While the winding of g˜(k) is trivial along ky = −pi, the non-
zero winding number along ky = 0 characterizes the topolog-
ical phase with the Chern number C1 = −1.
h0 ≡ hy and quench the hy axis by ramping my quickly
from my  t0 to my = 0, while setting mx = 0 and
mz = t0. The time-averaged dynamical spin textures
exhibit line-shape structures (Fig. 2c), which correspond
to the two open BISs at ky = 0 and −pi, respectively.
Despite a trivial pattern along kx with ky = −pi, the
winding of the dynamical spin-texture g˜(k) (in x − z
plane) along kx with ky = 0 measures the Chern number
C1 = −1 (Fig. 2d). Applying the dynamical classification
to measuring topological states with high Chern numbers
is straightforward and is found in Appendix.
We further consider the application to 3D topological
phases, whose hosting Hamiltonian readsH(k) = ~h(k)·~γ,
with h0(k) = mz − t0
∑
i cos ki and hi = tso sin ki (i =
x, y, z). Here we take that γ0 = σz ⊗ τx, γ1 = σx ⊗ 1,
γ2 = σy ⊗ 1 and γ3 = σz ⊗ τz, where the Pauli ma-
Figure 3: 3D chiral topological phases. a, The BIS (green
sphere) defined by h0(k) = 0 and the dynamical (pseudo)spin-
texture field g˜(k) (red arrows) are shown for mz = 1.3t0 and
tso = 0.2t0. b, In the practical measurement the g˜(k) field can
be determined through the variation of spin textures at two
equal-energy surfaces close to the BIS, e.g. at h0 = ±0.1t0. c-
d, Time-averaged spin textures 〈γ3〉 in cross sections kx,y = 0
(S1,2 in c) and kz = pi2 (S3 in d). The quench is taken from
mz = 8t0 to 1.3t0 and 〈γ1,2〉 are shown in Appendix.
trices σi and τi may refer to the real- and pseudo-spin
degrees of freedom (e.g., sublattices or orbitals). The
Hamiltonian has a chiral symmetry defined by σz ⊗ τy,
so it belongs to AIII class and is classified by 3D winding
numbers in equilibrium theory [38–40]. The trivial phase
corresponds to |mz| > 3t0, while the topological phases
include three regions: (I) t0 < mz < 3t0 with winding
number ν3 = −1; (II) −t0 < mz < t0 with ν3 = 2; and
(III) −3t0 < mz < −t0 with ν3 = −1. We consider the
quench from mz  t0 to say phase I (mz = 1.3t0 and
tso = 0.2t0), with the numerical results being partially
presented in Fig. 3 (more is shown in Appendix). The
BIS of the post-quench band is given in Fig. 3a, with
the vector arrows denoting the dynamical field g˜(k). In
a practical measurement, by resolving the time-averaged
spin polarizations 〈~γ〉 on two closed surfaces sightly in-
side (with h0 = −0.1t0) and outside (with h0 = 0.1t0)
the BIS, one can qualitatively determine the vector field
g˜(k) (without affecting measurement of topology) from
the subtraction of 〈~γ〉 between the two surfaces. A few
examples for 〈γ3〉 are given in Fig. 3b-d, similar for 〈γ1,2〉.
From the dynamical field g˜(k) on the BIS, as illustrated
with arrows in Fig. 3a, which gives a nonzero Chern num-
ber C1 = −1 on the 2D BIS, corresponding to the 3D
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Figure 4: Classifying topology via dissipative dynam-
ics. a, Post-quench dissipative dynamics of spin polariza-
tions 〈σx,y(t)〉 (red and blue lines) for points P1,2 and 〈σz(t)〉
(green line) for P0 at finite temperature. Due to dissipation,
the spin 〈~σ〉 gradually decays to the opposite direction of the
procession axis ~h(k) (see insets). The BIS and topological
patterns can be determined by time-averaged spin textures
over a short period (see b) and a long period (see c), respec-
tively. b, Time-averaged spin textures 〈σx,y,z〉 over a period
of 50/t0, which resemble the results in Fig. 2a. The BIS is
determined by 〈~σ〉 ' 0 (black dashed line). c, Time-averaged
spin textures 〈σx,y,z〉 on the BIS over a long term of 500/t0
directly reflect the SO field and thus the topological number.
Here we take the temperature kBT = 10t0 and the decay rate
η = 0.005 with other parameters the same as in Fig. 2a.
winding number ν3 = −1 of the post-quench 3D system.
While the above study is based on unitary quench dy-
namics, the dynamical classification can be generalized
to the dissipative quantum dynamics at finite tempera-
ture. In the presence of dissipation, we expect that quan-
tum dynamics should be nearly unitary within a short-
time evolution after quench, while the dissipation effects
shall dominate in the long-term evolution. Taking the
2D model as an example, we describe the dynamics by
the Lindblad master equation [24, S6]
d
dt
ρk = −i [H, ρk] + η
(
σ˜−ρkσ˜+ − 1
2
{σ˜+σ˜−, ρk}
)
(7)
with initial state being ρk(0) = f(E+, T ) |+,k〉 〈+,k| +
f(E−, T ) |−,k〉 〈−,k|. Here the distribution function
f(E, T ) =
[
e(E−µ)/kBT ± 1]−1 if the system is simulated
with fermions (for +) and bosons (for −), |±,k〉 are the
eigenstates of the pre-quench Hamiltonian, the Pauli ma-
trices σ˜± ≡ (σ˜x ± iσ˜y)/2 are defined in the eigenbasis of
the post-quench Hamiltonian H, and η is the decay rate.
A numerical study with typical parameters is shown in
Fig. 4. For a short-term evolution, we find that the dis-
sipative effect is negligible (nearly unitary), as demon-
strated in Fig. 4a (gray area) and b. In this regime,
the previous dynamical classification is well applicable
to measure the locations of BISs and the bulk topol-
ogy (Fig. 4b). Further, after a long-term evolution, the
dissipation drives the occupation of Bloch states to ap-
proach equilibrium results. In this case we find that the
spin-polarization 〈~σ(k)〉 gradually points oppositely to
the hso(k)-direction on BISs of the post-quench system
(Fig. 4a). Then the Chern number can be directly read
out by the long-term spin texture 〈~σ(k)〉, without the
further adoption of g˜(k) for the classification (Fig. 4a,c).
Discussion and outlook.–The dynamical classifica-
tion exhibits essential advantages in experimental inves-
tigation of topological quantum states. In particular, ap-
plying the classification theory proposed in this work to
measuring 2D Chern insulators has been achieved in a
very recent experiment [37], which confirms that observ-
ing topological phases based on the current dynamical
classification is of much higher precision, compared with
that based on equilibrium classifications. The advan-
tages are rooted in two essential aspects. First, the bulk-
surface duality uncovered here maps the classification of
bulk topology to lower-dimensional invariants on BISs,
and simplifies the topological characterization. Secondly,
the spin dynamics is resonant and nontrivial only on the
BISs, so the dynamical bulk-surface correspondence can
be easily resolved in the quench study. Finally, the dy-
namical scheme by nature is robust against the non-ideal
conditions in both the state initialization and measure-
ment. In particular, the system starts at deep trivial
regime, with the initial phase being dependent on only
a single parameter, Zeeman term, immune to non-ideal
conditions. Quenching it to topological regime induces
quantum dynamics which exhibits resonant oscillations
on the BISs. The short-term unitary quench dynamics
characterizing the topology of the post-quench system is
not affected by detrimental effects like the thermal ef-
fects, leading to high-precision measurement of full topo-
logical phase diagrams, as confirmed in experiment [37].
In comparison, measuring the topology of static phases
necessitates the systems to be carefully initialized, with
the quantum states being properly occupied. The prepa-
ration is intrinsically sensitive to non-ideal conditions in-
cluding thermal effects, especially unsatisfactory in the
regime close to phase boundaries [S5]. Our dynamical
classification provides new approaches with high feasibil-
ity in exploring topological quantum physics.
Moreover, the dynamical classification does not require
the initial trivial phase to be fully polarized along certain
7direction. In the generic case with a trivial initial phase
which has trivial but momentum-dependent (pseudo)spin
texture, one can rotate the initial (pseudo)spin of each
Bloch state to the direction of h0 axis by a momentum-
dependent unitary transformation. Accordingly, un-
der the transformation the new (pseudo)spin bases be-
come momentum-dependent but still topologically triv-
ial. Then, if expressed in the new (pseudo)spin bases,
all the results including the characterization of BISs by
vanishing time-averaged spin polarization and dynami-
cal bulk-surface correspondence take the same forms as
in the case with a fully polarized initial phase. However,
taking the fully polarized (deep trivial) phase as the ini-
tial state is most convenient for real experiments.
Finally, this work provides important insights into de-
veloping non-equilibrium classification for the complete
classes of equilibrium topological quantum states, as con-
ceptually different from the known various equilibrium
classification theories. The dynamical classification the-
ory established here covers different categories of the
topological phases characterized by integer invariants, in-
cluding the A, AIII, BDI, C, CII, and D classes in the
AZ ten-fold ways [38]. It is promising and of great inter-
ests to generalize the current classification theory to all
ten-fold categories [38–40], crystalline topological states,
including the insulators and superconductors protected
by space groups [52, S2], and further to the correlated
topological states of fermions and bosons [20, 21]. We
note that for the correlated topological phases whose
topology can be characterized by quasiparticles or mean-
field picture, the concept of BISs can still be well defined
and the present dynamical classification theory should
be applicable. In turn, the correlation effects can have
non-trivial effects on the dynamical bulk-surface corre-
spondence and deserve in-depth studies.. We therefore
expect that the present work can open a broad new di-
rection to classify and detect topological quantum states
by non-equilibrium quantum dynamics.
This work was supported by the National Key R&D
Program of China (2016YFA0301604), National Nature
Science Foundation of China (under grants No. 11574008
and No. 11761161003), and the Thousand-Young-Talent
Program of China.
Appendix A: Characterizing dD Topological Phases
by (d− 1)D Invariants
In this section, we present the rigorous proof of the
bulk-surface duality that dD topological phases can
be characterized by the (d − 1)D topological invariant
defined on the BISs, including the generalization to
multiband systems.
1. Bulk-surface duality: the (d− 1)D topological
invariant on the BISs
For a generic dD gapped topological phases described
by the basic Hamiltonian (1), there can be multiple BISs
defined by BIS ≡ {k|h0(k) = 0} in the BZ, being closed
to connected BZ boundary (Fig. 5a-c). For convenience,
here we denote by VBIS the region enclosed by BISs
with h0(k) < 0, and decompose the momentum k into
(k⊥,k‖), with k⊥ being perpendicular to the BIS and
pointing to the region V¯BIS where h0(k) > 0.
Note that the SO field opens the gap at the BISs. We
shall show that the SO field on the BISs determines the
topology uniquely. To prove it, we take advantage of
the fact that the topology remains unchanged under any
continuous deformation that does not close the gap [53].
Therefore, we can keep the SO field only in the region
near the BISs but turn it off elsewhere, which results in
the following deformed Hamiltonian
H(k)→ ~h′(k) · ~γ = sin Θkγ0 + cos Θk
d∑
i=1
hˆso,i(k)γi,
(A1)
where hˆso(k) ≡ hso(k)/|hso(k)| denotes the unit SO
field. Here Θk ∈ [−pi/2, pi/2] is a smooth and monotonic
function of h0(k), which approaches the step function and
maps h0(k) to ±pi/2 if h0(k) ≷ 0 or to 0 if h0(k) = 0, see
Fig. 5d. For example, it can be chosen as the error func-
tion pierf(ξh0(k))/2 with ξ →∞. On the other hand, the
SO field with pre-factor cos Θk is truncated to the region
near the BISs. It is noteworthy that this deformation
keeps the information of BISs including the SO field on
it, and the deformed Hamiltonian has been normalized.
The bulk-surface duality can be explicitly proven with
the deformed Hamiltonian (S1). The proof is given as
follows. Generally, the topological phases in d = 2n − 1
dimensions are characterized by the (2n− 1)D winding
number [S1]
N2n−1 = (−1)
n−1
(n− 1)!
2 (2pii)
n
(2n− 1)!
ˆ
BZ
Tr
[
γH (dH)2n−1 ],
(A2)
where γ = (i)n
∏2n−1
i=0 γi is the chiral symmetry for the
Hamiltonian, satisfying γ† = γ, γ2 = 1 and {γ, γi} = 0.
By using the deformed Hamiltonian (S1), we obtain
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Figure 5: The schematic diagram of BISs and the deformation technique. a-b, BISs in 1D and 2D. In 1D, the BIS (black
dots) composes of discrete points (a), and becomes a 1D closed curve (the black ring) in 2D (b). c, (d − 1)D BISs in dD BZ.
Here VBIS denotes the region enclosed by BIS with h0(k) < 0 (gray). The momentum k is decomposed into (k⊥,k‖) with k⊥
perpendicular to the contour of h0(k) and pointing to the side V¯BIS with h0(k) > 0. d, The function sin Θk (red) and cos Θk
(blue) used in the deformed Hamiltonian (S1). The insert shows the function Θk. The region with non-zero SO field (cos Θk)
is denoted by R (blue) in c.
Tr
[
γH (dH)2n−1 ] = (2n− 1)! (−2i)n 2n−1∑
i=0
i01···¯i···(2n−1)h′idh
′
0 ∧ dh′1 ∧ · · · ∧ dh′¯i ∧ · · · ∧ dh′2n−1, (A3)
where ‘d’ denotes the exterior derivative, i¯means that the
index does not take the value i. Here the trace property
of Clifford matrices Tr [γγiγj · · · γsγt] = (−2i)n ij···st for
dimensions d = 2n − 1 (see Supplementary Material),
contributes the factor (−2i)n, while the product of the
Levi-Civita tensor and the wedge will lead to the term
(2n − 1)!i01···¯i···(2n−1) = (2n − 1)!(−1)i. Similarly, in
d = 2n dimensions, via the the trace property of Clif-
ford matrices Tr [γiγj · · · γsγt] = (−2i)n ij···st (see Sup-
plementary Material), the topological phases are charac-
terized by the dD (or the n-th) Chern number [S1]
Chn = − 1
22n+1
1
n!
(
i
2pi
)n ˆ
BZ
Tr
[H (dH)2n ], (A4)
with
Tr
[H (dH)2n ] = (2n)! (−2i)n 2n∑
i=0
i01···¯i···(2n)h′idh
′
0 ∧ dh′1 ∧ · · · ∧ dh′¯i ∧ · · · ∧ dh′2n. (A5)
From the above result, one can observe that the winding number and Chern number have the same structure and are
proportional to the terms
∑d
i=0(−1)ih′i
∧¯d
l=0dh
′
l, where the wedge product
∧¯
indicates the index l 6= i. It is therefore
convenient to consider these terms at first, which can be readily calculated with the deformed Hamiltonian (S1):
d∑
i=0
(−1)ih′i
∧¯d
l=0
dh′l = sin Θk cos
d Θk
d∧
l=1
dhˆso,l + cos
d−1 ΘkdΘk ∧
d∑
i=1
(−1)ihˆso,i
∧¯d
l=1
dhˆso,l. (A6)
To further simplify the above formula, one can choose a special configuration for the Θk function, while the final
9result is independent of the choice of Θk. For this we
let the SO field (∝ cos Θk) for the deformed Hamiltonian
be truncated to the BISs (sin Θk = 0) by taking Θk to
approach the step function. Then the contribution to
the integral from the first term on the r.h.s. of Eq. (A6)
vanishes. On the other hand, since dΘk tends to be a
delta function, the whole integral can be reduced to that
over the region R with non-zero dΘk (see Fig. 5c-d).
By decomposing the measure ddk into dk⊥dd−1k‖ (see
Fig. 5c), the integral for Eq. (A6) over the whole BZ can
further reduce to the integral over the BISs, as shown by
ˆ
BZ
d∑
i=0
(−1)ih′i
∧¯d
l=0
dh′l
=
ˆ
R
cosd−1 ΘkdΘk ∧
d∑
i=1
(−1)ihˆso,i
∧¯d
l=1
dhˆso,l
=
ˆ pi/2
−pi/2
dΘk⊥ cos
d−1 Θk⊥
×
∑
j
ˆ
BISj
d∑
i=1
(−1)ihˆso,i
∧¯d
l=1
dhˆso,l. (A7)
Finally, by a straightforward calculation of the integral´ pi/2
−pi/2 dx cos
d−1 x, both the winding number and Chern
number can be expressed in a unified form as the winding
of the SO field hˆso along the BISs:
wd−1 =
∑
j
Γ(d/2)
2pid/2
1
(d− 1)!
ˆ
BISj
hˆso
(
dhˆso
)d−1
, (A8)
where hˆso
(
dhˆso
)d−1 ≡ i1i2···id hˆso,i1dhˆso,i2 ∧ · · · ∧ dhˆso,id
is defined on the (d− 1)D BISs, with the indices i1,...,d ∈
{1, . . . , d}, and Γ(x) is the Gamma function with Γ(x +
1) = xΓ(x), Γ(1) = 1 and Γ(1/2) =
√
pi. Note that the
prefactor 2pid/2/Γ(d/2) is actually the area of a (d− 1)D
unit sphere. Analogous to the “Gauss’s law”, the invari-
ant wd−1 simply counts the total topological charges of
the SO field located at momenta with hso(k) = 0 and
enclosed by the BISs. Finally we reach
νd = wd−1 =
∑
i∈VBIS
Ci, (A9)
where
Ci ≡ Γ(d/2)
2pid/2
1
(d− 1)!
ˆ
BISi
hˆso
(
dhˆso
)d−1 (A10)
represents the total topological charge in the patch of
VBIS enclosed by the i-th BIS. The topological phase
transition occurs when a charge passes through a BIS,
since the gap must be closed and reopen as the topologi-
cal charge located at hso(k) = 0 passes through the BISs
with h0(k) = 0. Accordingly, the topology characterized
by the SO field on BISs is changed.
To gain intuition, we take the Chern insulator as an ex-
ample, with Hamiltonian given by H(k) = ~h(k) · ~σ with
~h(k) = (tso sin kx, tso sin ky,mz−t0 cos kx−t0 cos ky). Ac-
cording to the bulk-surface duality, the Chern number re-
duces to the form Ch1 =
∑
j
1
2pi 
mn
¸
BISj
dˆ`·hˆso,m∇hˆso,n,
counting the topological charges of the SO field hso
within VBIS [44]. First, we take that h0 ≡ hz and
hso ≡ (hy, hx). The topological charges and BISs are
shown in Fig. 6a, which explicitly determine Chern num-
ber for different phases governed by mz: The Chern
number Ch1 = −1 for 0 < mz < 2; Ch1 = +1 for
−2 < mz < 0; Ch1 = 0 for otherwise. Further, if we
choose h0 ≡ hx such that VBIS with h0(k) < 0 corre-
sponds to the region with −pi < kx < 0, and then the
SO field is hso ≡ (hz, hy). Two topological charges with
opposite signs, located at k = (± arccos[(mz + 1) /t0], pi)
for −2 < mz < 0 or at k = (± arccos[(mz − 1)/t0], 0)
for 0 < mz < 2, are created from vacuum, moves and
finally annihilates, as mz varies from −∞ to +∞ [see
Fig. 6b], which characterizes the same Chern number for
each topological regime as in Fig. 6a.
2. Generalization to generic multiband systems
We show here that the bulk-surface duality is valid
for the generic systems with arbitrary multiple bands
and multiple band crossings in the BZ, as illustrated
Fig. 6c. Note that for a generic dD topological phase,
the gap must be opened through each group of nd bands
(nd = 2d/2 or 2(d+1)/2) with hybridization at BISs of
these bands. Therefore, it is more convenient, by trans-
forming the system into a new trivial bases, which block
diagonalize the Hamiltonian H(k) = H1(k)⊕H2(k)⊕· · ·
at each momentum k. Only those blocks involving nd
bands with band crossings have nontrivial contribution
to the topology. Note that this transformation does not
change the topology of the Block Hamiltonians due to
the triviality of the new bases. For convenience, we de-
note each band crossing for a group of nd bands as a
BIS. Without changing the topology of the system, we
assume that each BIS is separated from others in the BZ
(If there are more than one BIS occurring at the same
k point, one can continuously deform the band disper-
sion and separate such BISs without affecting the bulk
topology). In this case, the Hamiltonian around each
BIS can be decomposed to the contributions from three
parts: the nd bands with hybridization on the BIS, the
bands with energy above the BIS, and the bands be-
low the BIS. Thus the Hamiltonian can be locally writ-
ten as H(k) = Pupper(k) ⊕ HBIS(k) ⊕ Plower(k). Here
Pupper/lower are the projection operators for the bands
with higher (lower) energy than the part with band cross-
ing HBIS. For the higher or lower bands Pupper/lower, as
there is no band crossing, the corresponding spin tex-
tures are trivial and no singularities exist for the corre-
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Figure 6: Charge configurations of a 2D model and schematic diagram of the multiband case. a-b, The topological charges by
taking that h0 = mz − t0 cos kx − t0 cos ky (a) and h0 = tso sin kx (b), respectively. The red (blue) circle denotes the charge −1
(+1), and the gray region represents h0(k) < 0 (i.e., VBIS) with black lines being BISs. c, A schematic diagram for multiple
bands with (solid lines) or without (dotted lines) the SO field. The different background colors indicate different patches.
sponding eigenstates. One can safely deform the bands of
Pupper/lower into constants in dispersion. Similarly, away
from the BISs, no band crossing occurs, so all the bands
can be smoothly connected in those areas of the BZ, and
also be further deformed into constants in dispersion. It
is straightforward to know that the flattened pathes in
BZ have no contribution to the bulk topology, which is
then solely determined from the integral over the BISs.
Further, to compute the contribution from a specific BIS,
we can single out the nd bands which are characterized
by the HamiltonianHBIS(k) on the BIS, and flatten these
bands in all the remaining k space of BZ away from such
BIS. This can be safely done since the band crossings
occurring at other momenta of BZ are unrelated to the
contribution to bulk topology from the BIS under con-
sideration (thus those band crossings can be removed for
this computation). In this way, the contribution of the
BIS is effectively determined by a basic Hamiltonian with
the band crossing at BIS described by HBIS(k), precisely
given by the (d− 1)D topological number defined on the
BIS. The total topological invariant of the dD phase is
then a summation of contributions from all BISs, formed
by all bands of the BZ. This completes the proof.
The above proof implies that the (d− 1)D topological
number shown in Eq. (A8) is also valid for the case with
multiple bands. However, in this generic case the SO
field hso(k) is defined locally on each BIS, characterizing
only the hybridization among the nd bands of such BIS.
Appendix B: Dynamical Bulk-Surface
Correspondence
In this section, we present the details of the dynamical
bulk-surface correspondence. Two basic issues need to be
addressed: how to identify the BISs and how to extract
the dynamical topological invariant. The study is first
based on the basic Hamiltonian (1), and then generalized
to generic multiband systems.
1. Characterizing the BISs by quench dynamics
As discussed in the main text, the system is initially
prepared in the ground state of the pre-quench Hamilto-
nianH(m0|t<0,k) in the deep trivial regime, with density
matrix ρ0, where the spins are fully polarized in the op-
posite direction of the axes h0. After a sudden quench
to a topological non-trivial Hamiltonian H(m0|t>0,k),
each momentum-linked spin will rotate around the post-
quench vector field ~h(k), with the quantum dynamics
being governed by the unitary evolution operator U(t) =
exp(−iHt) for the post-quench system, see Fig. 1c.
We consider the time-averaged spin polarizations,
which can be measured in experiments:
〈γi〉 = lim
T→∞
1
T
ˆ T
0
dtTr
[
ρ0e
iHtγie−iHt
]
. (B1)
For the Hamiltonian (1), one can show that eiHt =
cos(Et) + i sin(Et)H/E with E(k) =
√∑d
i=0 h
2
i the en-
ergy. Thus the time-averaged spin polarizations read
〈γi(k)〉 = hiTr [ρ0H] /E2 = −hi(k)h0(k)/E2(k). (B2)
On the BISs with h0(k) = 0 of the post-quench Hamit-
lonian, one can find that all the time-averaged spin po-
larizations 〈γi(k)〉 (for i = 0, 1, ..., d) vanish on the BISs.
Hence, the BISs can be dynamically determined by the
surface with vanishing time-averaged spin polarizations:
BIS = {k|〈~γ(k)〉 = 0}. (B3)
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2. Dynamical topological invariants and the
dynamical bulk-surface correspondence
Time-averaged spin polarizations 〈γi〉 vanish on the
BISs, but are nonzero inside and outside the BISs. The
variation of 〈γi〉 across the BISs can characterize the
topology. For this a new dynamical spin-texture field
is defined in the main text as the directional derivative
of time-averaged spin textures 〈~γ〉 across the BISs:
g˜(k) ≡ − 1Nk ∂k⊥〈~γ〉 = − limk⊥→0+
1
Nk
∆〈~γ〉
2k⊥
= − lim
k⊥→0+
1
Nk
〈~γ〉|h0(k⊥)>0 − 〈~γ〉|h0(−k⊥)<0
2k⊥
, (B4)
where Nk is the normalization factor, and the origin of
k⊥ has been shifted locally to the BISs. Note that for
the pre-quench Hamiltonian with h0(k)  0, the time
averaged spin polarizations 〈γi〉 = +hih0/E2. Accord-
ingly, the dynamical spin-texture field should be defined
by g˜(k) ' ∂k⊥〈~γ〉, which takes an additional minus sign.
Near the BISs, the dispersion h0(k) is monotonous and
is determined by k⊥ uniquely. One can identify h0 from
k⊥, that is, h0 ∼= k⊥ up to some local scale transformation
that does not affect the topology. The difference of 〈γi〉
between the two sides of BISs reads
∆〈γi〉
∣∣
k⊥→0 = −
[
hi(k⊥,k‖)k⊥
k2⊥ +
∑d
j=1 h
2
j (k⊥,k‖)
−
− hi(−k⊥,k‖) (−k⊥)
k2⊥ +
∑d
j=1 h
2
j (−k⊥,k‖)
]
= −2 hi(0,k‖)k⊥∑d
j=1 h
2
j (0,k‖)
+O(k2⊥). (B5)
We obtain the emergent dynamical spin-texture field by
g˜i(k)
∣∣
k∈BISs =
hi(0,k‖)∑d
j=1 h
2
j (0,k‖)
= hˆso,i. (B6)
With this result we reach that the bulk topology can be
characterized by the dynamical invariant defined as the
winding of the new dynamical field g˜(k) on the BISs:
wd−1 ≡
∑
j
Γ(d/2)
2pid/2
1
(d− 1)!
ˆ
BISj
g˜(k)
[
dg˜(k)
]d−1
. (B7)
This is the dynamical bulk-surface correspondence.
3. Quench dynamics in multi-band systems
Now we show the dynamical classification for multi-
band systems. To better understand our results, we con-
sider first the weak spin-orbit coupling regime, where
the band dispersions are dominated by the bare energies
j(k) of each bare orbital λj which define the BISs, and
the spin-orbit couplings are weak and induce small gap
on the BISs. Then we consider the generic case, including
the strong spin-orbit coupling regime, namely, the spin-
orbit couplings can even dominate the dispersions of the
topological bands. For convenience, we consider here the
1D or 2D topological phases, which are most relevant for
the current cold atom experiments, and the proof can be
directly applied to the higher dimensional phases.
For the weak coupling regime, the spin-orbit couplings
are weak, so that they only have local effects in the mo-
mentum space and cannot change the band structure de-
termined by the bare energies of orbitals dramatically.
Note that for a 1D/2D system, a key feature is that the
topological gap must be opened between every two bands.
Therefore, all one needs to determine is the information
for all these band crossings determined by these bare or-
bitals, namely, the BISs defined between every two bands.
Then the detection scheme for the minimal Hamiltonian
can be generalized directly. In particular, we initialize
the system in the deep trivial regime, with all subbands
for orbitals being far separated from each other (similar
to the large Zeeman splitting in the minimal model) and
prepare the system in a single band (denoted as λ). Then
we pick up this band and another one λ1, and quench the
effective Zeeman splittingm1 between the two bands (the
energy splitting between them) to desired post-quench
regime, but the parameters for all the remaining bands
keep unchanged. With this process we can dynamically
determine the BISs defined by λ and λ1 bands, and the
topological invariants defined on the BISs, by measuring
the Pauli operators defined in these two orbitals. Then,
replacing λ1 with another band λ2 and through a similar
process we can detect the topology on the BISs defined
by λ and λ2 bands. With λj running over all the bands,
we obtain the topology of λ band by summing over the
invariants detected in these processes. Repeating this
detection for all λ bands we obtain the topology for all
subbands of the whole system. It is trivial to know that
when the band number is two, a single quench determines
the topology, reducing to the minimal model regime.
Now we show the detection scheme for the generic case
without assuming the spin-orbit coupling to be weak.
The key difference between the weak and strong spin-
orbit coupling regimes is that, in the strong coupling
regime the band crossing between two subbands can be
affected by the couplings between such two bands and
the remaining bands. Thus picking up only every two
subbands for quench may not extract the true topology.
Nevertheless our detection scheme can be still applied.
Again, the key observation is that the topological gap has
to be opened between every two bands (for 1D/2D sys-
tem). Therefore, at every momentum k, by transforming
the system into a new trivial bases, we can always block
diagonalize the HamiltonianH(k) = H1(k)⊕H2(k)⊕· · · ,
with each block Hj being at most two by two matrix.
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More generically, this block diagonal picture is necessary
only in the vicinity of each BIS. Note that all the band
crossing information can be kept in each block diagonal-
ized Hamiltonian Hj , and only these blocks with band
crossings have nontrivial contribution to the topology,
with the topology determined by the corresponding BISs
defined by h(j)0 axis in Hj . All we need to do is detect
the topological invariants on these BISs. However, in
the present block diagonal picture, the (pseudo)spin-1/2
bases for each block Hamiltonian Hj is in general mo-
mentum dependent, rather than being constant, while
such bases do not have nontrivial topology. This is the
key difference from the minimal model and weak coupling
regime. The dynamical detection of the topology can be
performed in the following way. We initialize the system
in the deep trivial regime with the energies of the bare
orbitals being far separated from each other. The bare
orbitals are again denoted as λj , and note that they are
momentum-independent. The (pseudo)spin bases of each
block Hamiltonian Hj , denoted by ↑(j)k and ↓(j)k , are ob-
tained by momentum-dependent unitary transformations
on the bare orbitals. The system is prepared in certain
orbital λ, and is then quenched to the final total Hamilto-
nian H. For each block Hj , the initial state is simply ob-
tained by projecting λ-state into the (pseudo)spin bases
of Hj , i.e., |0k〉 = (c↑(k), c↓(k))T, which is momentum-
dependent. This is equivalent to the case that for the
minimal model, the initial trivial state is not fully polar-
ized, but momentum-dependent. Accordingly, in quench
dynamics, we can measure the momentum-dependent ob-
servable σ(j)z;k = |0k〉〈0k|−|0′k〉〈0′k|, where |0′k〉 is the state
perpendicular to |0k〉, and of which the time-averaged ex-
pectation value reads
〈σ(j)z;k〉 = limT→∞
1
T
ˆ T
0
dtTr(|0k〉〈0k|eiHj(k)tσ(j)z;ke−iHj(k)t)
= lim
T→∞
1
T
ˆ T
0
dtTr(|0〉 〈0| eiH′j(k)tσ(j)z e−iH
′
j(k)t),
(B8)
where the second line is obtained by a unitary trans-
formation U(k) = (|0k〉, |0′k〉), and the Hamiltonian
H′j(k) = U(k)Hj(k)U†(k) is topologically equivalent to
Hj since |0k〉 and |0′k〉 are trivial. Here |0〉 = (1, 0)T
and σ(j)z is the usual Pauli matrix. The above equality
means that one has chosen a momentum-dependent σ(j)z;k
axis to define the BISs for Hj block, which coincide with
the BISs for the Hamiltonian H′j with the same topology
as Hj . Therefore, this momentum-dependent h(j)0 axis
does not affect the existence of BISs, nor the topology
defined on such BISs. Then, as long as the projection of
λ-state to the (pseudo)spin bases of Hj is nonzero, from
the (pseudo)spin dynamics one can extract the dynamical
topological invariant for the block Hamiltonian Hj . Fur-
ther, by initializing the system in different bare orbital
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Figure 7: 2D topological phases with high Chern numbers. a-b,
Dynamical results of the model H1 in section III(B). Time-
averaged spin textures (a) also exhibit a ring structure for the
BIS. But the emergent dynamical field (b) winds three cir-
cles, corresponding to C1 = 3. The results are obtained by a
quench from mz = 8t0 to 0.5t0 with tso = 0.2t0. c-d, Dynam-
ical results of the model H2 of section III(B). Time-averaged
spin textures (c) show four rings, and each contributes a full
winding (d), charactering the Chern number C1 = 4. The
quench is taken from mz = 8t0 to −t0 with tso = 0.2t0.
λ-states and performing quench until the projection of
initial states can cover (pseudo)spin bases of all Hamil-
tonian blocks, one can obtain the topological invariants
for all Hj blocks, which characterize the topology of all
bands of the total Hamiltonian.
We note that in the real cold atom experiment, one can
always simplify the measurement by well controlling the
parameters, e.g. staring from the weak spin-orbit regime.
In this way, one can get enough information of the bands
and topology before entering the strong coupling regime,
and simplify the detection in generic case. Therefore, our
dynamical classification theory is universal for the case
of multiband systems.
Appendix C: Numerical Results
In this section, we provide more numerical calculations
related to the main text for the quench study.
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Figure 8: Numerical results of the 3D model. The 2D BIS of the topological phase with 3D winding number ν3 = −1 given
from the dynamical field g˜(k) (a). The dynamical field g˜(k) = −∂k⊥〈~γ〉 is qualitatively the same as that obtained from the
difference of the time-averaged spin textures 〈γj〉 (j = 1, 2, 3) on two equal-energy surfaces h0 = ±0.1t0 (b). The results are
obtained by spin dynamics of two orbitals after a quench from mz = 8t0 to 1.3t0, with tso = 0.2t0.
1. Topological phases with high invariant
The dynamical classification theory is clearly applica-
ble to topological phases with high invariants. To illus-
trate the validity, we consider two different 2D models
Hj(k) = ~hj(k) · ~σ (j = 1, 2), which are variations of the
2D QAH model studied in the main text.
We consider the first model H1 with the vector field
~h1(k) = (tso sin 2kx, tso sin 2ky,mz − t0 cos kx− t0 cos ky).
While the trivial phase corresponds to |mz| > 2t0, the
topological phases are distinguished as: (i) t0 < mz < 2t0
with the Chern number C1 = −1; (ii) 0 < mz < t0 with
C1 = 3; (iii) −t0 < mz < 0 with C1 = −3; (iv) −2t0 <
mz < −t0 with C1 = 1. When t0  tso, this model
has almost the same band structure as the 2D model in
the main text. It is then supposed that the results of
quenching to the phases with C1 = ±1 should be similar
to those shown in Fig. 2a. Here we only provide the
numerical results of quenching to the phase with C1 = 3
(see Fig. 7a-b), where the time-averaged spin textures
also exhibit ring-shape structure, but the corresponding
spin-texture field winds around three times, charactering
the high Chern number.
We then consider the other one H2 with ~h2(k) =
(tso sin 2kx, tso sin 2ky,mz−t0 cos 2kx−t0 cos 2ky). Apart
from the trivial phase with |mz| > 2t0, this model has
two topological phases: (i) 0 < mz < 2t0 with the Chern
number C1 = −4; (ii) −2t0 < mz < 0 with C1 = 4. After
a sudden quench from mz  2t0 to |mz| < 2t0, the time-
averaged spin textures have four rings (see Fig. 7c-d),
and the dynamical spin-texture field on each ring winds
around once. Thus four rings in the BZ characterize the
Chern number C1 = ±4. More results, including the
case with a trivial phase but having multiple BISs, are
discussed in Supplementary Material [44].
2. Characterizing 3D topological phases
As discussed in the main text, the 3D model H =
~h(k) ·~γ, which is a direct generalization of the 2D model
(see the main text), has three topological phases. In
Fig. 3, we have shown the BIS of the topological phase
with 3D winding number ν3 = −1 and the time-averaged
spin texture 〈γ3〉. Here we provide more results and
demonstrate that the dynamical spin-texture field g˜(k)
on the BIS is qualitatively the same as that determined
from the difference of 〈γj〉 (j = 1, 2, 3) on the two equal-
energy surfaces slightly outside (h0 = 0.1t0) and inside
(h0 = −0.1t0) the BIS (see Fig. 8).
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1Supplementary Material:
Non-equilibrium classification of topological quantum phases
In this Supplementary Material, we shall show the elementary representation matrices of Clifford algebra, and
provide the detailed proof of bulk-surface duality in the simple cases, as well as more details of numerical results.
The elementary representation matrices of Clifford algebra
The elementary representation matrices of Clifford algebra {γi, γj} = 2δij1 are of dimension nd = 2d/2 (or 2(d+1)/2)
if the dimensionality of the system d is even (or odd). Here we give an example to construct these Clifford matrices
and discuss their trace property, as shown in Tab. I.
dimension d Clifford matrices chiral matrix Tr[γ
∏d
i=0 γi] or Tr[
∏d
i=0 γi]
1 γ
(1)
0 = σx, γ
(1)
1 = σy γ
(1) = iσxσy −2i
2 γ
(2)
0 = γ
(1)
0 , γ
(2)
1 = γ
(1)
1 , γ
(2)
2 = γ
(1) − −2i
2n− 1 γ
(2n−1)
i = γ
(2n−3)
i ⊗ σz for i = 0, 1, . . . , 2n− 3,
γ(2n−1) = −γ2n−3 ⊗ σz
−2iTr[γ(2n−3)∏2n−3i=0 γ(2n−3)i ]
γ
(2n−1)
2n−2 = 1⊗ σx, γ(2n−1)2n−1 = 1⊗ σy = (−2i)n
2n
γ
(2n)
i = γ
(2n−1)
i for i = 0, 1, . . . , 2n− 1, − (−2i)n
γ
(2n)
2n = γ
(2n−1)
Table I: Construction of Clifford matrices and their trace property. Here σx,y,z are Pauli matrices. For odd dimensions d = 2n−1,
one can define a chiral matrix γ = (i)n
∏2n−1
i=0 γi, which satisfies γ
† = γ, γ2 = 1 and {γ, γi} = 0. These Clifford matrices
have the trace property Tr [γγiγj · · · γsγt] = (−2i)n ij···st for odd dimensions, and Tr [γiγj · · · γsγt] = (−2i)n ij···st for even
dimensions, which can be obtained by induction (the last column).
Proof of bulk-surface duality in the simple cases
To better understand the proof for the generic bulk-surface duality for any dimensions in the Appendix, in this
section, we provide the details of the proof for the simple cases, namely, the 1D, 2D and 3D topological phases.
Below, the proof is directly based on the deformed Hamiltonian
H(k) = ~h′(k) · ~γ = sin Θkγ0 + cos Θk
d∑
i=1
hˆso,i(k)γi, (S1)
which is topologically equivalent to the basic Hamiltonian H(k) = ~h(k) · ~γ considered in the main text. Without loss
of the generality, h0 defines the band-inversion surfaces (BISs) and hso ≡ (h1, . . . , hd) is the spin-orbit (SO) field.
Here, as discussed in the Appendix, Θk ∈ [−pi/2, pi/2] is a smooth and monotonic function of h0(k), which approaches
the step function and maps h0(k) to ±pi/2 if h0(k) ≷ 0 or to 0 if h0(k) = 0, see Fig. 5d in the main text. For
example, it can be chosen as the error function pierf(ξh0(k))/2 with ξ → ∞. Therefore, this deformed Hamiltonian
extracts all important informations on the BISs, including the normalized SO field hˆso = hso/|hso|. Note that the
deformed Hamiltonian has been normalized. Accordingly, the winding number or Chern number can be defined using
the normalized Hamiltonian [S1].
1D topological phases characterized by the winding number
We start with the 1D topological phases, which are the simplest cases, with the basic Hamiltonian for the topology
being two-band models. Accordingly, the Clifford matrices γi are generated by the Pauli matrices, γi=0,1 ∈ {σx, σy, σz}.
2The Hamiltonian H(k) has chiral symmetry γ = iγ0γ1 and is characterized by the 1D winding number:
ν1 ≡ 1
4pii
ˆ
BZ
Tr[γHdH]
=
1
4pii
ˆ
BZ
dk (h′0∂kh
′
1 − h′1∂kh′0)Tr[γγ0γ1], (S2)
here we have used the fact
∑d
i=0 h
′2
i = 1 for the normalized Hamiltonian (S1). With the deformed Hamiltonian and
the trace property of Clifford matrices Tr[γγiγj ] = −2iij , the winding number can be further written as
ν1 =
1
2pi
ˆ
BZ
dΘk hˆso
=
1
2
∑
BISj
[
sgn(h1,Rj )− sgn(h1,Lj )
]
, (S3)
where the unit SO field hˆso = sgn(h1) for 1D, with sgn(x) being the sign function, and the BISs become discrete
points (see Fig. 5a in the main text), with the left hand and right hand points of the j-th BIS being denoted as Lj
and Rj , respectively. Thus the right hand side of the above formula denotes a zero-dimensional invariant (0-th Chern
number). Note that the region VBIS enclosed by each BIS refers to that with h0(k) < 0, see Fig. 5c in the main text.
The integral of Θk must become +pi at the right-hand (Rj) and −pi at the left-hand (Lj) point of the j-th BIS, which
results in the prefactors of sgn(h1,Rj ) and sgn(h1,Lj ), respectively. For the case with only a single BIS, the equation
(S3) gives the result with a simple picture that the system is topologically nontrivial when the SO field has opposite
signs at the R and L points of BIS, otherwise it is trivial.
As an example, we consider the 1D model of the AIII class in the main text, which has the Hamiltonian H(k) =
~h(k) · ~σ with hx = tso sin k ≡ hso, hy = 0 and hz = mz − t0 cos k ≡ h0. Here t0 > 0 and tso > 0 denote the nearest-
neighbor spin-conserved and spin-flipped hopping coefficients, mz is the effective magnetization. When |mz| > t0,
this model is trivial as there is no BISs. On the other hand, the BIS is determined by kBIS = ± arccosmz/t0 when
|mz| < t0. It is easy to check that hso > 0 for the right hand point of the BIS and hso < 0 for the left hand point,
which indicates the winding number ν1 = 1.
2D topological phases characterized by the first Chern number
For the 2D topological phases, a two-band model can be formulated with three Pauli matrices that γi ∈ {σx, σy, σz}
for i = 0, 1, 2. Accordingly, the topology of the phase is characterized by the first Chern number
Ch1 = − i
16pi
ˆ
BZ
Tr
[H(dH)2]. (S4)
The trace is taken in the spin space. Using the relation H(dH)2 = ∑i∑j 6=k h′idh′j ∧dh′kγiγjγk and the trace property
Tr[γiγjγk] = −2iijk, where the Levi-Civita tensor and the wedge are both anti-symmetric, we further obtain the
Chern number that
Ch1 = − 1
4pi
ˆ
BZ
d2k · (h′0∇h′1 ×∇h′2 − h′1∇h′0 ×∇h′2 + h′2∇h′0 ×∇h′1). (S5)
From the deformed Hamiltonian (S1) we obtain that
h′0∇h′1 ×∇h′2 = sin Θk cos2 Θk∇hˆso,1 ×∇hˆso,2
− sin2 Θk cos Θk∇Θk × (hˆso,1∇hˆso,2 − hˆso,2∇hˆso,1),
h′i∇h′0 ×∇h′j = cos3 Θk∇Θk × hˆso,i∇hˆso,j .
With the above results the Chern number is recast into
Ch1 = − 1
4pi
ˆ
BZ
d2k · [sin Θk cos2 Θk∇hˆso,1 ×∇hˆso,2 − cos Θk∇Θk × (hˆso,1∇hˆso,2 − hˆso,2∇hˆso,1)]. (S6)
3To simplify the above formula, we can choose a special configuration of the Θk function, while the final result is
independent of the choice of Θk. For this we let the SO field (∝ cos Θk) for the deformed Hamiltonian be truncated
to the BISs (sin Θk = 0) by taking Θk to approach the step function. Then the contribution from the first term
vanishes. On the other hand, ∇Θk tends to a delta function, and the second term will contribute to the Chern
number. Therefore, the whole integral can be reduced to that for the second term over the region R with non-zero
∇Θk (see Fig. 5c-d in the main text):
Ch1 =
1
4pi
ˆ
R
d2k · cos Θk∇Θk × (hˆso,1∇hˆso,2 − hˆso,2∇hˆso,1)
=
1
4pi
ˆ pi/2
−pi/2
dΘk⊥ cos Θk⊥
∑
j
˛
BISj
dk‖ (zˆ × nˆ⊥) · (hˆso,1∇hˆso,2 − hˆso,2∇hˆso,1)
=
∑
j
1
2pi
˛
BISj
dˆ`· (hˆso,1∇hˆso,2 − hˆso,2∇hˆso,1)
=
∑
j
1
2pi
mn
˛
BISj
dˆ`· hˆso,m∇hˆso,n, (S7)
where we have decomposed the momentum k into (k⊥, k‖) in the second line, with k⊥ perpendicular to the BIS and
pointing to the side V¯BIS with h0(k) > 0 (see Fig. 5c in the main text), and m,n = 1, 2. From the last line of the
above formula we know that the final result is independent of the function Θk. Equation (S7) shows that the Chern
number in the bulk reduces to the 1D winding of the SO field hˆso on the 1D BISs (band inversion rings). The integral∑
j
1
2pi 
αβ
¸
BISj
dˆ` · hˆso,α∇hˆso,β is performed on the 1D BISs, with the positive direction defined so that the closed
integral paths denote the boundary of the vector area VBIS. The 1D winding number then counts the total vorticity
of the SO field at the degenerate points, i.e., the total topological charge of the 2D Dirac points, characterized by
hˆso = 0 within VBIS. The above result implies that, the first Chern number is simply given by the total topological
charge of the SO field in the region enclosed by BISs, namely, in the VBIS with h0(k) < 0.
Here we take the Chern insulator in the main text as an example, whose Hamiltonian can be written as H(k) =
~h(k) · ~σ with ~h(k) = (tso sin kx, tso sin ky,mz − t0 cos kx − t0 cos ky). Without loss of the generality, we can decompose
the vector field ~h into h0 ≡ hz and hso ≡ (hy, hx). When mz > 2, there is no BISs and the system is trivial. When
0 < mz < 2, a topological charge −1 located at k = 0 in VBIS is enclosed by the BIS, and gives the Chern number
Ch1 = −1, see Fig. 6a in the main text. Furthermore, another two topological charges +1 at (0, pi) and (pi, 0) are
also included when −2 < mz < 0, which renders the Chern number being changed to 1 + 1− 1 = +1. Finally, when
mz < −2, the region VBIS equals the whole BZ, and all the four Dirac points {(0, 0), (pi, pi), (0, pi), (pi, 0)} should be
considered and contribute a trivial total topological charge (1 + 1− 1− 1 = 0).
On the other hand, one can also choose that h0 ≡ tso sin kx, in which case VBIS with h0(k) < 0 corresponds to the
region with −pi < kx < 0, and then the SO field is hso ≡ (hz, hy). A pair of topological charges with opposite signs,
located at k = (± arccos[(mz + 1) /t0], pi) for −2 < mz < 0 and at k = (± arccos[(mz − 1)/t0], 0) for 0 < mz < 2, will
be created from vacuum, moves and finally annihilates, as mz varies from −∞ to +∞. Only one of the two charges
is located in VBIS and enclosed by the BIS, giving the Chern number C1 = +1 (for −2 < mz < 0) or C1 = −1 (for
0 < mz < 2) (see Fig. 6b in the main text). The results are clearly consistent with those given above by choosing
h0 = hz(k).
3D topological phases characterized by the winding number
For 3D topological phases, the minimal Hamiltonian involves four bands, and the Clifford matrices take the Dirac
forms. The Hamiltonian has chiral symmetry γ = −∏3i=0 γi and is characterized by the 3D winding number
ν3 =
1
48pi2
ˆ
BZ
Tr
[
γH(dH)3]. (S8)
Similar to the 2D case, the relationH(dH)3 = ∑i∑j 6=s6=t h′idh′j∧dh′s∧dh′t and the trace gives Tr[γγiγjγsγt] = −4ijst,
with which the winding number takes the following explicit form
ν3 = − 1
2pi2
ˆ
BZ
d3k
{
h′0∇h′1 · (∇h′2 ×∇h′3)−∇h′0 ·
[
h′1∇h′2 ×∇h′3 − h′2∇h′1 ×∇h′3 + h′3∇h′1 ×∇h′2
]}
. (S9)
4From the deformed Hamiltonian (S1), the integrand in the winding number can be simplified by
h′0∇h′1 · (∇h′2 ×∇h′3) = sin Θk cos3 Θk∇hˆso,1 · (∇hˆso,2 ×∇hˆso,3)
− sin2 Θk cos2 Θk∇Θk · (hˆso,1∇hˆso,2 ×∇hˆso,3
− hˆso,2∇hˆso,1 ×∇hˆso,3 + hˆso,3∇hˆso,1 ×∇hˆso,2),
h′i∇h′0 · (∇h′j ×∇h′k) = cos4 Θk∇Θk · (hˆso,i∇hˆso,j ×∇hˆso,k).
Similar to the derivation done for the 2D phase, we take a special configuration that Θk approaches the step function.
The computation of the winding number finally reduces to the integral on the BISs, given by
ν3 =
1
2pi2
ˆ
R
d3k cos2 Θk∇Θk ·
[
hˆso,1∇hˆso,2 ×∇hˆso,3 − hˆso,2∇hˆso,1 ×∇hˆso,3 + hˆso,3∇hˆso,1 ×∇hˆso,2
]
=
1
2pi2
ˆ pi/2
−pi/2
dΘk⊥ cos
2 Θk⊥
∑
j
ˆ
BISj
d2k‖ ·
[
hˆso,1∇hˆso,2 ×∇hˆso,3 − hˆso,2∇hˆso,1 ×∇hˆso,3 + hˆso,3∇hˆso,1 ×∇hˆso,2
]
=
∑
j
1
4pi
ˆ
BISj
d2k‖ ·
[
hˆso,1∇hˆso,2 ×∇hˆso,3 − hˆso,2∇hˆso,1 ×∇hˆso,3 + hˆso,3∇hˆso,1 ×∇hˆso,2
]
=
∑
j
1
8pi
mnl
ˆ
BISj
d2k · hˆso,m(∇hˆso.n ×∇hˆso,l). (S10)
The last line of the above equation denotes the coverage of the SO field hˆso(k) over the 2D spherical surface S2 when
k runs over the BISs, which implies that the 3D winding number of the bulk is mapped to the 2D Chern number
defined on the 2D BISs. As is known that the integral 18pi 
mnl
´
BISj
d2k · hˆso,m(∇hˆso.n×∇hˆso,l) counts the topological
charge of the Weyl points at hso(k) = 0 of the SO field in the vector area VBIS enclosed by the BISs.
We also give an example for the 3D topological phases. Consider the B phase of superfluid 3He [S2, S3], which can
be treated as a 3D topological superconducting phase in class DIII. The Hamiltonian reads H(k) = h0(k)σz ⊗ 1 +
h1(k)σx ⊗ σz + h2(k)σy ⊗ 1 + h3(k)σx ⊗ σx with ~h(k) = (k2/2m− µ, kx,−ky,−kz). It is easy to see that the system
is trivial for µ < 0. For the case with µ > 0, a single Weyl point with hso = (h1, h2, h3) = 0 at k = 0 and of charge
+1 is enclosed by the BIS, which renders the system being topologically nontrivial with winding number ν3 = +1.
With the above detailed proof for the 1D, 2D and 3D topological phases, the generic proof for bulk-surface duality
in the Appendix can be better understood.
Characterizing quantum anomalous Hall insulators
The 2D quantum anomalous Hall (QAH) model generally reads H(k) = ~h(k) · ~σ with ~h(k) = (mx + txso sin kx,my +
tyso sin ky,mz − t0 cos kx − t0 cos ky), which has been realized in Ref. [S4, S5]. Here we identify the topological phases
by mz (mx = my = 0): (i) 0 < mz < 2t0 with the Chern number C1 = −1; (ii) −2t0 < mz < 0 with C1 = 1; (iii) being
trivial for |mz| > 2t0. The flexibility in the decomposition of the vector ~h(k) allows us to consider different quench
ways to detect the topology. As discussed in the main text, we can take h0 ≡ hz,hso ≡ (hx, hy), and the quench is
performed by varying mz, which corresponds to quenching the hz axis. Alternatively, we can also take h0 ≡ hy and
quench the hy axis by ramping my quickly from |my|  t0 to 0 while fixing mz. These two quench ways leads to
distinct observations, but can be both used to distinguish different topological phases. The only thing to be noted is
that the ratios tx,yso /t0 should be properly adjusted to clarify the observation in the two quench ways.
When quenching the hz axis, we set txso = tyso = 0.2t0, and suddenly change mz from the deep trivial phase
|mz|  2t0 to one of the two topological phases. In Fig. 2a-b of the main text, we have shown the results of quenching
to the phase (i). Here we provide the results of the phase (ii) in Fig. S1a-b. As discussed in the former sections, the
vanishing time-averaged spin texture 〈~σ〉 = 0 characterizes the BISs, and the dynamical spin-texture field, defined as
g˜(k) = −∂k⊥〈~σ〉 across the BISs, signifies the SO field hˆso(k) and can be used to classify the topology. Compared
to Fig. 2a-b in the main text, the BIS in Fig. S1a becomes a ring centered at k = (pi, pi) rather than at (0, 0). Here
the region enclosed by the BIS, i.e. VBIS, contains three topological charges of the SO field: one charge −1 located at
(0, 0) and other two charges +1 at (0, pi) and (pi, 0), which indicates the Chern number C1 = 1 and can be reflected
by the winding of the spin-texture field g˜(k) along the BIS.
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Figure S1: Quenching to the topological phase with C1 = 1. a-b, Quenching the hz axis. Time-averaged spin textures are
measured after a sudden quench from mz = 8t0 to −t0 (a), with BISs being characterized by 〈~σ〉 = 0 (the green ring centered
at (pi, pi)). The g˜(k) field is obtained by combining the derivatives ∂k⊥〈σx,y〉 (b), and gives the Chern number C1 = 1. Here
tx,yso both take 0.2t0. c-d, Quenching the hy axis. Time-averaged spin textures (c) and the dynamical field g˜(k) on BISs (d) are
shown after a quench from my = 50t0 to 0 with mz = −t0. The BISs determined by 〈~σ〉 = 0 are identified to ky = 0,−pi, and
the non-zero winding number of the dynamical spin-texture field along ky = −pi characterizes the Chern number C1 = 1. Here
we set txso = t0 and tyso = 2t0.
When quenching the hy axis, we set txso = t0 and tyso = 2t0. In this quench way, the BISs are the same for different
topological regimes, and are identified to two lines ky = −pi and ky = 0. However the dynamical spin-texture field
on the BISs should be different, which classifies the different topology, as shown in Fig. 2c-d for C1 = −1 and in
Fig. S1c-d for C1 = 1. In Fig. 2c-d, the emergent dynamical spin-texture field g˜(k) winds clockwise along ky = 0 in
the σx-σz plane while the winding along ky = −pi is zero. The situation becomes reverse in Fig. S1c-d, where the
spin-texture field g˜(k) winds anti-clockwise along ky = −pi and becomes trivial along ky = 0, which characterizes the
Chern number C1 = 1.
2D topologically trivial phase
It seems that the post-quench phase always has non-trivial topology as long as the BIS is observed. However, that
is not true. As a counterexample, we consider the topologically trivial model Htr = ~h(k) · ~σ, where the vector field
reads ~h(k) = (tso sin kx, tso sin ky,mz − t0 cos 2kx− t0 cos 2ky). After the sudden quench from mz  2t0 to |mz| < 2t0,
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Figure S2: 2D topologically trivial phase. a-b, Dynamical results of the model Htr. Time-averaged spin textures (a) show four
rings, and all contribute no winding (b), charactering the trivial topology. The quench is taken from mz = 8t0 to −t0 with
tso = 0.2t0.
the time-averaged spin textures also exhibit four rings (see Fig. S2a), but the dynamical spin-texture field contribute
no winding, charactering the trivial topology (Fig. S2b).
Detecting topology via dissipative dynamics
The dynamical classification can be generalized to the dissipative quantum dynamics at finite temperature. The
spin dynamics can be described by the so-called Lindblad mater equation [S6, S7]. As shown in the main text, after
a such quench, the dissipation drives the occupation of Bloch states to approach the equilibrium result, and the spin
polarization 〈~γ〉 approaches to be polarized in the reverse direction of the vector ~h(k) after a long-time evolution.
Therefore, the dissipation can be exploited as an alternative tool to detect the topology.
In Fig. 4 of the main text, we take the 2D model as an example, and illustrate the detecting method by quenching
the hz axis. Here we consider another case of quenching the hy axis (in contrast to the results shown in Fig. 2c-d).
In Fig. S3a, we present short-time-averaged spin textures, where two lines L1,2 that satisfy 〈~σ〉 = 0 can be treated as
the BISs approximately. After taking long-time averages (Fig. S3b), we obtain non-zero spin polarizations 〈σx,z〉 on
the BISs, which directly reveal the direction of the vector field ~h(k) = hso(k) by hx,z ∝ −〈σx,z〉. The winding of the
SO field on the BISs is readily obtained via the spin polarizations on the two lines L1,2 (Fig. S3c), and the non-zero
winding on L1 or L2 then characterize the topological number of the post-quench phase.
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Figure S3: Classifying topology via dissipative dynamics after quench in hy axis. a, Spin textures of the 2D model averaged over
a short period of 25/t0, which can be used to identify the BIS by 〈~σ〉 = 0. Here the two lines L1,2 (dashed) are approximate
to the BISs. b, Time-averaged spin textures over a long period of 600/t0, which directly indicate the SO field on the BISs (see
c). c, The direction of the SO field is reflected by hx,z ∝ −〈σx,z〉. Thus the winding of the SO field along the BISs can be read
out from the spin polarizations (in b) on the two lines L1,2. The non-zero winding along L1 characterizes the Chern number
C1 = −1. Here the dissipative rate is η = 0.003. Other quench parameters are taken the same as in Fig. 2c of the main text.
